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Let K be the Krull-Schmidt-Grothendieck group for the category of finite 
rank torsion free abelian groups. The torsion subgroup T of K is determined 
and it is proved that K/T is free. The investigation of T leads to the concept of 
near isomorphism, a new equivalence relation for finite rank torsion free 
abelian groups which is stronger than quasiisomorphism. 
I f  & is an additive category, then the Krull-Schmidt-Grothendieck group 
K(d) is defined by generators [A], , where A E &, and relations [A]& = 
m-2 + [af? P whenever A w B @ C. It is well-known that every element 
in K(&‘) can be written in the form [A],cJ - [Bls/ , and that [A],, = [B], 
ifandonlyifA @L = B @LforsomeLE.&. 
We let ,F denote the category of finite rank torsion free abelian groups, 
and we write K = K(3). We will write [G] rather than [G],7 for the class 
of [G] in K. If  G, H ~9, then Hom(G, H) and End(G) will have the usual 
significance. For any other category ~9’, &(G, H) and d(G) will denote the 
corresponding group of $Z-homomorphisms and ring of cpJ-endomorphisms. 
We now proceed to define categories M and NP, where p is a prime 
number or 0. The objects in N and Jy;, are simply the objects in 9, but 
MD(G, H) is the Hausdorff p-adic completion of Hom(G, H) if p is prime, 
Jlr,(G, 13) = Q @ Hom(G, H), and JV(G, H) = &MJG, N). Note that 
JQG, H) is thus just the group of quasihomomorphisms from G to H. 
An element of v  E J’“(G, H) will be called a near homomorphism from G 
to H. We say that G and Hare nearly isomorphic if they are isomorphic in ./lr. 
PROPOSITION 1. Two J’inite rank torsion free abelian groups G and H are 
nearly isomorphic if and only iffor each positize integer n, H contains a subgroup 
G, such that G, = G and [H : G,] isJinite and prime to n. 
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Proof. Necessity. Let G and H be nearly isomorphic and let II be given. 
There is a unique Tz-divisible subgroup of G, and this subgroup is pure. 
Replacing ?z by a suitable multiple, we may in fact suppose that this is the 
divisible subgroup of G. Since G and H are isomorphic in A’; , i.e., quasi- 
isomorphic, their divisible subgroups are isomorphic. It can be readily seen 
that the reduced parts of G and H are nearly isomorphic, so that there is no 
generality lost in supposing that G and H are reduced. The choice of 11 then 
ensures that no nontrivial subgroup of G is n-divisible. 
Now &,, &(G, H) w Jinin Hom(G, H)/n Hom(G, H). The hypothesis 
then implies that there exist v  E Hom(G, H) and 4’, E Hom(H, G) so that 
$p’ r: 1 (mod n End G) and ?1,4 1 ( mod n End H). Thus v  induces an 
isomorphism between G/nG and H/nH. Now Ker 9 C nG, but Ker p is pure 
and no nontrivial subgroup of G is n-divisible, hence g, is manic. Since G 
and H are quasi isomorphic, it follows that H/p(G) is finite. Furthermore, 
n(H/q(G)) = (F(G) + nH)/v(G) =- H/F(G), so [H : q(G)] must be prime 
to n. 
Sufficiency: Let p be a prime and let G * G, C H and [H : G,J : m, 
where ( p, m) := 1. Let 9n =-: 9 E Hom(G, H) be determined by the isomor- 
phism of G with G, C H, and let # = Hom(H, G) be determined by the 
isomorphism of H with mH _C G, = G. Then &o and & both correspond to 
multiplicationbym, hence becomeunitsinN,(G)/pJ1/;(G) andAQH)/pJlr,(H). 
But pJlr,(G) is contained in the Jacobson radical of ND(G), hence #p’ and ~4 
are automorphisms in N;, . Letting F,, 2 - ‘p 2 , we obtain a near isomorphism 
(vu) E- .JG, H). 
LEMMA 2. If G, H, and A’ are nearly isomorphic, then G is isomorphic to 
a summand of H @ K. There are up to isomorphism only finitely many groups H 
which are near@ isomorphic to any given group G. 
Proof. Let G be nearly isomorphic to H and to K. Then there exist 
subgroups H’ and K’ of G so that H’ w H, K’ a K, and m : : [G : H’] and 
n = [G : K’] are relatively prime. Let rm $- ns = 1. Then the map g w 
(~mng, nsg) embeds G as a summand in Ii’ @ K’. 
In particular, if G and H are nearly isomorphic, then H is isomorphic to 
a summand of G @ G. Since G @ G has, up to isomorphism, only finitely 
many summands [3], the second assertion follows. 
Remarks. (1) If  all projective right End(G)-modules are free, then any 
proper summand of G @ G is isomorphic to G [l]. Thus in this case near 
isomorphism implies isomorphism. Clearly near isomorphism also implies 
isomorphism for groups which are p-divisible for all but finitely many 
primes p. 
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(2) If  G and H are nearly isomorphic and End His commutative, then 
any subgroup of Ii isomorphic to G is fully invariant. The rings End G and 
End Hare isomorphic, so that G is indecomposable if and only if H is. 
Proof. Let G be identified with a subgroup of H and let I = Hom(H, G), 
considered as an ideal in End H. Since G is isomorphic to a summand of 
I-I @ 13, the homomorphic images of H in G generate G. Thus G = IH. 
Now the commutativity of End G shows that G is fully invariant in H. The 
index nz = [H : G] is finite since Hand G are quasi isomorphic, and we have 
mH C G C H with each inclusion fully invariant. The rest follows immediately. 
The only thing now lacking for the proof of the main theorem is a proof 
that each K(J$,) is free. This is clear when p = 0 since it is well known that 
Jvb has the Krull-Schmidt property. When p is a prime, we observe that 
since ND(G) is p-adically complete and XD(G)/pJ1/;(G) is artinian, it follows 
that MD(G) is a local ring whenever it has no nontrivial idempotents. Unfor- 
tunately, however, Azumaya’s Theorem does not apply. In fact, from the first 
remark above, and standard examples, it can be seen that Jv;, does not have 
the Krull-Schmidt property. To remedy this, we enlarge ND to obtain a 
category 9, . The objects in Yr, are ordered pairs, written in the form yG, 
where GEYand y  is an idempotent in Mu(G). When y  is the identity in J$(G), 
we will write G instead of yG. If  yG and $3 are objects in YD, then 
YG(yG, 7H) is defined to be the subgroup of MJG, H) consisting of elements 
of the form qvy, g, E J~~(G, H). Note that y  is the identity in 5QyG). 
If  7G and TH are objects in YD , then (y @,’ 7)(G @ H) is their direct sum 
in <U:, . Every idempotent g, E Y&G) is induced by an idempotent p) E ND(G) 
such that ~CJI == vy  = v, and yG e ~JG @ (y - y)G. It follows that yG is 
indecomposable if and only if ,Y,(yG) is without nontrivial idempotents, and 
in this case .YP(yG) is a local ring. By Azumaya’s Theorem [4], YD has the 
Krull-Schmidt property. 
Xow if G and N are in J$, and [GIMD = [HIM,, then [GIYp = [HI, , 
so that G and H are isomorphic in Sq, (because CY, has the Krull-Schmidt 
property) and so G and H are isomorphic in Jr, (because CYD is a full sub- 
category of MD). This shows that Jv;, has the cancellation property. Also, 
we see that the natural map from K(J’J into K(CYD) is manic. We are now 
ready to prove the main theorem. 
THEOREM 3. The torsion subgroup T of K = K(9) consists precisely of 
those elements of the form [H] - [G], w h ere G and H are nearly isomorphic. 
The quotient group K/T is free. 
Proof. For fixed G, consider the set of all elements of K of the form 
[H] - [G], where His nearly isomorphic to G. If  H and K are nearly isomor- 
phic to G, then by Lemma 2, H @ K B G @L for some L. Since MP has 
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the cancellation property and H and G are isomorphic in M, , it follows that 
L is isomorphic to K, and thus to G, in ND for all p. Thus L is nearly isomor- 
phic to G. It follows that the set of such elements [H] - [G] forms a subgroup 
of K. By Lemma 2, this subgroup is finite, hence [H] - [G] E T. 
On the other hand, if [H] --- [G] E T, then [Hlbn- I= [GIJf for all p since 
K(ND) is torsion free, hence II and G are isomorphic” in Jy;, foi all p, hence I-I 
and G are nearly isomorphic. 
Now consider the natural map from K into n, K(.Y,). It is now clear that 
the kernel of this map is exactly T. But K(cY1,) f  1s ree, with basis clemcnts of 
the form [yGIYp , where yG is indecomposable in ?Y1, . Furthermore, we can 
extend the concept of rank to cY’,j by defining the rank of yG to be the Z,* 
rank of y(G,*), where G,,* is the p-adic completion of G. Thus if G E -9 and 
rank G == Y, the coefficients in the representation of [G],B as a linear com- 
bination of basis elements are at most equal to Y. It now follows that for 
sufficiently large I, K/T can be embedded in the subgroup of n1 % consisting 
of elements having bounded coordinates. Since the latter subgroup is free 
[2, Corollary 97.41, K/T is free. 
Remarks. (1) As an easy corollary, WC see that if (6 is a subcategory of .9 
for which near isomorphism implies isomorphism, then V has the cancellation 
and “nth root” properties. In other words, G @I, cz H 0 L or G @ ... @ G % 
H @ ... 0 H (n summands) implies that G = N. In particular, this is true 
when V is the category of semilocal groups (i.e., p-divisible for all but 
finitely many p.) 
(2) D. M. Arnold has shown that T is nontrivial. In fact, let G be chosen 
such that End G is an algebraic number ring which is not a principal ideal 
domain and let Z be a nonprincipal ideal in End G. Let n be the smallest 
integer such that 1 @ ... 0 I ( in summands) is free. It is shown in [I] that 
[G] - [ZG] is an element of order exactly n in K. 
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